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Abstract:  In this paper an adaptive state space
controller for a rigid rotor suspended in active magnetic
bearings is presented. For this sake a discrete time state
space model is established in controller canonical form.
Based on that model a recursive adaptation algorithm
is used to estimate both all system parameters and all
states. In addition a pole placement controller is calcu-
lated upon the identified model. Simulation results of
the closed loop system including the proposed algorithm
show the successful operation for changes of system para-
meters, in this case the sudden appearance of noncon-
servative cross-coupling forces, as generated by seals, for
example.

1 Introduction

In many active magnetic bearing applications the design
of the entire control system is performed under the as-
sumption that all system parameters are exactly known
in advance and do not change during operation. For this
type of plants adaptive control is not necessary. In high
performance turbomachinery, however, a change in sys-
tem parameters may easily occur, e.g. a sudden pres-
sure loss may lead to a change in stiffness parameters
of a sealing and finally to destabilising nonconservative
cross-coupling forces, for example. In this case an adapt-
ive controller is absolutely necessary. In the presented
paper a rigid rotor is investigated with respect to the
above described problem.

In section 2 the rotor model is shown. The rigid rotor is
suspended by two active magnetic bearings with four de-
grees of freedom. Nonconservative cross-coupling forces
are applied to the rotor in a given plane along the ro-
tor axis. The continuous time state space model for the
rotor bearing system is transformed into a discrete time
innovations model with its system matrices in canonical
form [4]. A certain prediction error algorithm which can
be used to identify the state space model under on-line
conditions is introduced in section 3 [1, 2]. The recursive

algorithm, consisting of several matrix operations, can
be performed very fast, which is important for a real-
time implementation. Within this algorithm a state space
model and all states are calculated after each sampling
time interval. To provide numerical stability, a special
implementation of this algorithm was used [5]. Section 4
considers the calculation of the state space controller by
pole placement.

A change of the nonconservative cross-coupling paramet-
ers was simulated as well as the adaptation of the con-
troller. The simulation results in section 5 show, that the
proposed identification algorithm can cope with para-
meter changes and the entire system can be stabilised
even for high values of the nonconservative stiffness coef-
ficients.

2 State space rotor model

Figure 1 shows a sketch of the system under investiga-
tion. The rigid rotor is suspended by two active magnetic
bearings at stations A’ and B’. The proximity probes are
assumed to be collocated with the bearings.
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Fig. 1: Diagram of a rigid rotor suspended
by two magnetic bearings and excited by non-
conservative cross-coupling forces at Station
N’. G denotes the centre of mass.



This is justified for a rigid rotor model, because the dis-
placements in the bearing planes can easily be calcu-
lated from the sensor signal by simple transformation.
The nonconservative forces are expected to act within
the plane N’. All system parameters used for numerical
simulation are shown in Table 1.

| | Parameter Value | Unit |

m, | rotor mass 28.7680 | kg

I, | axial mass moment of 0.8632 | kgm?
inertia

I, | polar mass moment of 0.02188 | kgm?
inertia

a distance to bearing A 0.23877 | m

b distance to bearing B —0.24123 | m

n distance to plane N’ —0.1|m

ks | AMB position stiffness | 1.758 - 106 | N/m

ki | AMB current stiffness 219.75 | N/A

k | nonconservative cross- 0-107 | N/m
coupling stiffness

Ts | sampling time 107% | s

Tab. 1: System parameters used for a rigid
rotor suspended by two magnetic bearings

2.1 Continuous time model

The second order differential equation for a rigid rotor
with its degrees of freedom transformed into bearing co-
ordinates z = [z4,TB,ya,ys|" is given by

Mi+Gz+ N —Ky)z=K;u, 1)

with the input vector u = [iz,,%zp,0y.iys] , Tespect-
ively the control currents of four active magnetic bearing
axes. All matrices are determined by a transformation
from inertia coordinates z. = T z in bearing coordinates
z in the form

M = TT Ms T: (2)
G = TYGsT, (3)
N = TETEN,T. T, (4)
with the mass matrix of the rotor
I, 0 O O
0 m.- 0 O
MS - 0 O Ia O Y (5)
0O 0 0 m,
its gyroscopic matrix
0 0 I, 0O
0O 0 0 O
0O 0 0 O

the geometrical transformation matrices
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OO o
O = OO - =
S O >0 oo
— -0 O

no= (4 7). ®

and the matrix of the nonconservative cross-coupling
coefficients in the plane N’

N=(_0k’(§) )

The linearised model of the active magnetic bearings is
determined by the matrices

K, =
Ki

ks 1,
ki L

(10)
(11)

with I being the 4 x 4 identity matrix. The resulting con-
tinuous time state space model is then given in bearing
coordinates in the form

X =

y:

A-x+B-u,
C -x,

with the state vector x = [z,z]7 and the output vector
y = z. The system matrices are defined as follows:

). as

4 = 0 I
=\ -MITW-K,) -M1g

0
= ()

C = (I 0).

2.2 Discrete time model

A transformation into a discrete time system with
sampling time T yields a model with no particular struc-
ture. Since the discrete state space model should have a
minimum number of parameters to be identified, it is
transformed into a canonical form. With respect to the
calculation of an adaptive controller, a controller canon-
ical form is chosen [3]. For the reason of symmetry the
structural indices are v = [2,2,2,2], which means that
there are four coupled second order systems. The entire
model with system noise £(k) and measurement noise
n(k) can then be written in the form

x(k+1) =
y(k) =

A x(k) + Bu(k) + £(k),
Cx(k) + n(k).

The state vector is x, the input vector u(k) is the
sampled input vector u and the output vector y(k) is



the sampled vector y. The system matrix A = {A()}
with 4,5 = 1,2, 3,4 and its sub-matrices

g 0 1
AG) = ( agij) agij) ) , (19)
y 0 0
Al = ( agiz’) agn’) ) (20)
The control matrix B = {b(¥)} with
b = (0 1)7, (21)
bl (0 0)". (22)

The measurement matrix is simply C = {c(¥)7} with

cli) = ( i) i) ) (23)

This model structure yields 64 parameters to be estim-
ated, although all matrices have a total of 128 entries.
Note, that these parameters are no longer paramet-
ers having a physical meaning, but the result of vari-
ous transformations. Additionally the state vector is not
identical with the sampled state vector of the originally
continuous time model.

3 Estimation algorithm

The identification algorithm is based on the innovations
model [4]:

x(k+1,p) = A(p)x(k,p)+B(p)u(k)+
K(p) [y — y(k[p)] (24)
y(k,p) = C(p)x(k,p) (25)

with the Kalman matrix K(p). This matrix introduces
32 more parameters to the entire estimation algorithm,
which means that there are 96 parameters to be estim-
ated. All parameters of this innovations model are sum-
marised within the parameter vector

p= [a?l),agn),...] . (26)

The goal of this estimation algorithm is to keep the es-
timation error y — y(k|p) as small as possible in terms
of its statistical properties. Thus, it is necessary to min-
imise the error function

N

=32

k=1

) = Min. (27)

l\DI»—l

The minimisation of the error function results in the pro-
posed estimation algorithm which can be summarised as
1, 2, 4]:

Prediction error

e =y —y(klp)- (28)

Adaptation of error matrix

-1

L(k) = P(k — 1) ¥ (k) [I + T (k) P(k - 1) (k)] .
(29)
Parameter update

p(k) =p(k —1)+L(k)e (30)

Update of covariance matrix
1

PR = %

[P(k —1) —L(k) ®" (k)P (k — 1)] . (31)

Based on the new model, a prediction for the next time
step can be made in the form

x(k+1) = A(p(k)x(k) +B(p(k)) u(k) +
K(p(k))e, (32)
y(k+1) = Cpk)x(k+1). (33)

The gradient matrix ¥ is derived from the partial deriv-
ative of the estimation error as

and is calculated recursively by

(34)

Wk +1p) = [ABK) - K(f)(k))C(f)(k))]W(k, p)
+M; -K(p(k) V (35)
T(k+1) = WT(k+1,p)CHk ))+VkT- (36)

The matrices My and V are model specific and result
from the partial derivative of the innovations model as

M = o [AG)X(H) + B(p)u(k) + K(p) e (37)
Vi = %[mp)fc(k)] (38)

Special attention has to be paid to the so-called forget-
ting factor p(k) in equation 31. If this factor is too small
(p(k) < 1), the covariance matrix will increase too fast,
if it is too large (close to 1), the algorithm will react too
slowly to parameter changes. Therefore, the forgetting
factor needs to be controlled separately by a statistical
value, which gives the change of the variance of the es-
timation error

(39)

with Ny < N, and 62(N, k) as estimate for the error
variance with a varlable memory N. The idea behind



this algorithm is, that under the assumption of a sta-
tionary process, the variance of the estimation error in
a steady state should be stationary as well. The increas-
ing variance of the estimation error indicates a change in
parameters of the plant under investigation. If §(k) trig-
gers a certain threshold, e.g. 20% of the mean variance,
then the forgetting factor p(k) is reset to po and follows
the law such that

pk) =kyplk— 1)+ (1—k)pso  (40)
with p, the final value and k, determining the rate of
change.

Since one has to guarantee that the covariance matrix in
equation 31 remains positive definite, a special algorithm
for the covariance update has been used, based on the
factorisation of the covariance matrix P = UDU7 with
U as upper triangular matrix and D a diagonal matrix
[5]. These matrices are updated separately by this al-
gorithm. Additionally, the diagonal matrix is increased
by r I with r > 0, if the covariance becomes too small.

4 State Space controller
The control law for a state space controller is defined as

u=-K,x, (41)

with K, = {k{)7}
The poles of the closed loop system are determined by

the closed loop system matrix A,; = A—BK, = {chj ) 1.
with its sub-matrices:
) @)

) @)

The coefficients of the control matrix can be easily cal-
culated in the form

AY)

0 1
agu) _ kém) ag”) _ ké“)

» 0 0
AS’) ( agu') _ kéii) agu') _ ké"")

ke = al, (44)
K = a4l (49

with m = 1,2 and i,j = 1,2,3,4. The coefficients pi)
are derived from the desired polynomial for each subsys-
tem By y

P (2) = 2% 4+ p{ 2 + p{i®) |

Here, another advantage of a model description in con-
troller canonical form becomes obvious. All parameters
of the state space controller can be calculated directly
from the state space model using simple algebra.

5 Simulation results

The simulation model presented in section 2 was simu-
lated with the parameters as defined in Table 1. Further

investigations have shown, that the nonconservative stiff-
ness parameter k mainly affects the system matrix A.
Parameters of the measurement matrix C are influenced
10~* times less than parameters of the system matrix.
The same is true for the Kalman matrix K. Therefore,
these parameters need not to be estimated and only 32
entries remain in the parameter vector p.

After the model has been defined with all parameters
to be identified, the matrices M and V; have to be
calculated once according to equation (37). With these
matrices the identification algorithm structure can be es-
tablished, see equation (28) to (35).

Since the system is open-loop unstable, a controller and
an observer have to be designed in advance. This has
been done according to the nominal system without
cross-coupling effects. The poles of the closed loop system
have been placed at z1,.. g = 0.97, or in the continuous
complex plane to 81,8 = —288s~ !, which would meet
the eigenvalue for a mass-spring-system with a negative
stiffness factor of the magnetic bearing.

Similar to the controller, the observer poles have been
chosen to 21, s = 0.75, which means that the observer
is ten times faster than the closed loop system. Therefore,
the Kalman matrix in equation 32 is assigned properly.
The initial parameter vector is set to the a priori val-
ues of the nominal system, in this case all parameters
of the system matrix A with the initial covariance mat-
rix P = 10001. All other recursively calculated matrices
have been set to zero.

White noise with a maximum deflection value of 1um
for 1 is added to the measurement signal to ensure ex-
citation. The simulation is started with initial conditions
x = 0 and all precalculated values for the controller and
observer. The resulting displacements of the rotor at the
bearing stations after a jump in the nonconservative stiff-
ness coeflicient can be seen in Figures 2 and 3.
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Fig. 2: Time history of the rotor displace-
ments after a change in the nonconservative
stiffness parameter k from 0 to 107 N/m at
t =0.01s.
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Fig. 3: Time history of the control currents
after a change in the nonconservative stiffness
parameter k from 0 to 10 N/m at ¢ = 0.01 s.

At t = 0.01 s the parameter k changes from 0 to 1 - 107
N/m. The jump is considered to be the worst case in
turbomachinery application, e.g. a sudden pressure loss
or leakage in sealings will lead to a parameter change in
a linear model. Immediately after the parameter change
the system is unstable in terms of its structure, but the
displacements will increase slowly. When a certain signal
to noise ratio is achieved, the parameter change is recog-
nised by the algorithm and a change in the forgetting
factor p is triggered (see Figure 4). This means, that the
input and output signals have to contain a minimum on
information to make the algorithm converge to the new
system parameters (see Figure 5 and 6).

0.6

forgetting control parameter &
T T T T

0.4 N

trigger value = 0.2

o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
time [sec]

forgetting factor p
T T T

0.999 - 1
g, =0.99999
0.998 Py = 0.9960 |
0.997 - 1
0.996 Il Il Il Il Il Il Il Il
0 001 002 003 004 005 006 007 008 009 01

time [sec]

Fig. 4: Time history of forgetting control
parameter § and forgetting factor p after a
change in the nonconservative stiffness para-
meter k from 0 to 107 N/m at ¢ = 0.01 s.

2.0019

2.0019

2.0018

2.0018

2.0018

2.0018

2.0018

2.0017

2.0017

2.0017 I I I I I I I I I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

time [sec]

Fig. 5: Time history of a sample parameter
a}! after a change in the nonconservative stiff-
ness parameter k from 0 to 107 N/m at t =
0.01 s.

Since 32 parameters have to be identified, it is not ex-
pedient to show the time histories of all parameters. Most
of the estimated parameters of the system matrix do not
change significantly, especially the parameters resulting
from the rotor mass (Figure 5)., which appear at the di-
agonal of the system matrix, namely agii), agii). However,
non-symmetric parameters are highly affected by the ad-
aptation algorithm. A sample of the time history of those
parameters can be seen in Figure 6.
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Fig. 6: Time history of sample parameters
al®,al® alt al* after a change in the noncon-
servative stiffness parameter k from 0 to 107

N/m at ¢t = 0.01 s.

Simultaneously with the identification, the controller
parameters are calculated according to equation (44) and
(45). Tt can be observed, that the feedback gain matrix
of the state space controller becomes non-symmetric to



the same extent as the parameter of the nonconservative
stiffness does. This effect can easily be seen in equation
44. These non-symmetric entries in the controller matrix
will cause a force, which directly compensates the non-
conservative forces of the system.

Due to the adaptation of the controller the rotor bearing
system can recover from a parameter change. Simula-
tions have shown, that this positive effect is true for a
certain magnitude of the nonconservative forces. If the
parameter change is too large (108 N/m), the control
current becomes too large and the amplifier runs into
saturation. Then, instability cannot be prevented.

6 Conclusion

It has been shown, that strongly time-invariant noncon-
servative cross-coupling forces in a rotor system can be
controlled by means of on-line identification and adapt-
ive control techniques. The system under investigation
consists of a rigid rotor suspended by an active magnetic
bearings controlled by a state space controller.

Within a numerical simulation a nonconservative cross-
coupling force was applied to the system in conjunction
with the proposed on-line identification and adaptive
control. It turned out that a state space model identifica-
tion is appropriate to estimate both the system paramet-
ers and the state vector. In this case, the nonconservat-
ive cross-coupling forces were compensated by additional
forces generated by a non-symmetric gain in the state
space controller matrix. This matrix is calculated by pole
assignment from the identified state space model. This
means, that the cross-coupling forces are compensated
by counter cross-coupling forces.

Future objectives of investigation will be the extension of
this concept by including integrative feedback and apply
the algorithm to a higher sophisticated nonlinear simu-
lation model. If the algorithm succeeds with this model,
an implementation on a test rig will be carried out.
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